Standard representations of finite rotation matrices ͑FRM͒ are defined by expressions that are wedded to two particular coordinate frames such as, e.g., are involved in the definition of Euler angles. We present here representations for the FRM in invariant tensor forms comprised of vectors defined in a space-fixed coordinate frame K. Three explicit expressions for a FRM are presented: First, in terms of tensor products of the spherical or Cartesian basis vectors of frame K, second in a differential form containing the tensor products of gradient operators, and, third, as the superposition of so-called ''minimal'' bipolar harmonics depending on any pair of unit vectors a, b connected with a frame K. Based on these results for the FRM, the transformation rule for an irreducible tensor set under space rotations may be written in terms of bipolar harmonics. Our results are especially useful for analyzing angular distributions in atomic processes involving a precise accounting of all effects of photon and target polarizations. Four examples are considered as illustrations of the techniques presented. First, an invariant representation of the photon polarization tensor is found in terms of linear and circular polarization degrees of the photon beam. Second, an invariant decomposition of tripolar harmonics of second rank in terms of very simple, rank 2 tensors is presented. Third, a convenient parametrization is proposed for the polarization state multipoles of a polarized atomic target. Fourth, a simple invariant formula is derived for the angular distribution of polarized photons resulting from electric dipole photon emission by an arbitrary polarized atom.
I. INTRODUCTION
The quantum theory of angular momentum is a powerful tool for investigations in atomic, molecular, and optical physics. Among the most important objects of this theory are the so-called finite rotation matrices ͑FRM͒, R m Ј m j (⍀), which describe the transformation of irreducible tensor sets under space rotations in accordance with the relation ͓1͔ T jm
where T jm and T jm Ј are the components of a tensor T j , given in the ''old'' ͑space-fixed or initial͒ frame K and in the ''new'' ͑rotated or laboratory or final͒ frame KЈ, respectively. The symbol ⍀ denotes the rotation parameters. Equation ͑1͒ contains the FRM in an abstract form. Its explicit representation depends on the concrete choice of the parameters that specify the rotation. There are two different representations of the FRM that are in wide use. These are the D and the U functions ͓1͔. The Wigner functions D m Ј m j (␣␤␥) depend on three Euler angles ␣, ␤, ␥, which describe the rotation in an elegant algebraic way. The functions U m Ј m j (n,) depend on the direction of the rotation axis n and on the rotation angle . For this case the rotation parameters are ⍀ϭn,. Thus, one of the parameters is a vector with angular coordinates ⌰, ⌽, which are the same in both the frame K and in the frame KЈ. ͑Naturally, the angular coordinates of vectors that are not parallel to the n axis are different for frames K and KЈ.͒ Therefore, the explicit form of U m Ј m j depends upon the algebraic parameter and on ⌰ and ⌽ ͓1͔. Despite the fact that the finite rotation matrix is the set of (2 jϩ1) irreducible tensors numbered by either index mЈ or m ͑i.e., in the frame KЈ they are tensors of rank j with projections m and in the frame K they are tensors of rank j with projections mЈ͒, their ͑above-mentioned͒ explicit expressions do not have a structure that is obviously invariant, i.e., independent of a particular coordinate reference frame.
Even in the simplest case when the rank j of a FRM is equal to unity, the functions where Y jm (a) is the spherical harmonic of the unit vector a directed along the Z axis of the space-fixed coordinate frame K; the two Euler angles, ␤,Ϫ␥, are the polar angles of a in a frame KЈ. As a consequence of Eq. ͑2͒, the Wigner D function is also called a ''generalized spherical harmonic.'' Note that U m Ј m j (n,) has a representation as an expansion in spherical harmonics Y l (n) with 0рlр2 j, but its coefficients are the Clebsch-Gordan coefficients C jm jm Ј l , which depend upon m, mЈ ͓1,2͔. We use the term ''invariant'' for relations similar to Eq. ͑2͒ because the spherical harmonic on the right-hand side ͑rhs͒ of this identity is a tensor product of vectors a ͑cf. Sec. II͒.
Together with Racah techniques, the FRM's in the form of the Wigner functions are most useful for calculating atomic, molecular, and nuclear structures. But for studying angular distributions, especially for reactions involving polarized particles ͑in which case a large number of vectors enter the problem͒, the invariant representation of the FRM's as a combination of tensor products of vectors involved in the problem may often be preferable. Indeed, the angular distributions are invariant under coordinate rotations and their description in terms of invariant combinations of vectors characterizing the problem is very useful. Another important feature of the invariant representation of the FRM's is that it allows the representation of any tensor in an invariant form as a linear combination of FRM elements denumerated by an index mЈ ͓see Eq. ͑1͔͒ with numerical coefficients that are the components of the same tensor in a suitable coordinate frame.
In this paper we present invariant forms for the finite rotation matrices that depend only on the vectors that are appropriate for a particular physical process being investigated. Specifically, in any physical process there exist one set of vector quantities that describes the initial state of the system and another set of vector quantities that describes the final state of the system. Various combinations of such vector quantities may be chosen to define in a natural way appropriate coordinate frames for the system. The description of a given physical process thus naturally involves a finite rotation matrix that describes the transformation from an initial coordinate frame to an appropriate final coordinate frame. Because the coordinate frames are defined by vectors that characterize the physical system, these vectors may be used to construct the finite rotation matrix rather than parameters specific to a particular coordinate reference frame. Indeed, the FRM constructed in this way may be evaluated in any particular pair of coordinate frames.
To derive the invariant form of the FRM we will describe the rotation in terms of angular coordinates of some vectors without any algebraic parameters similar to Euler angles or a rotation angle , which are not inherent vector objects. Namely, we fix a vector set in an ''old'' or initial frame K, which may include the spherical or Cartesian basis vectors or, more generally, any pair of noncollinear vectors a, b with fixed angle between them ͑0ϽϽ is a free parameter͒. The angular coordinates of these vectors in a ''new'' or final frame KЈ are connected with those in K by a rotation, whose explicit form need not be specified. Although a rotation is described by only three independent parameters ͑e.g., by the Euler angles͒ and for each concrete specification of vectors in frame K the connection between the new and old coordinates of these vectors can be established and three independent parameters can be designated ͓see, e.g., Eq ͑69͒ below͔, such concretization of the rotation is unnecessary in most cases, and an invariant form for the FRM is quite sufficient. For this reason, we do not specify in our representations for the FRM the argument ⍀ in terms of some algebraic variables.
As we demonstrate below, in general the FRM can be presented as a superposition of irreducible tensors M jm s (⍀) of rank j numbered by label s and composed of some vectors fixed in an ''old'' frame K,
Thus, the entire dependence of R m Ј m j on the tensor index m is given by the tensor projections of M jm s , while the coefficients c s in Eq. ͑3͒ are independent of m. This is a most important fact, demonstrating an invariance of Eq. ͑3͒ with respect to a concrete choice of ''new'' coordinate frame KЈ. Furthermore, Eq. ͑3͒ leads to an invariant parametrization ͑a ''modified'' transformation rule͒ for any irreducible tensor,
where the coefficients t s ( j), given by
are linear combinations of the components T jm Ј in an appropriate ''old'' frame K. Thus, the tensors M jm s form an irreducible basis set in the space of irreducible tensors of rank j similar to the spherical unit tensors of rank 1.
In Sec. II we begin by considering the simplest case of FRM's with unit rank, jϭ1, and provide an explanation of our method for the construction of the FRM's in an invariant form. Specifically, an expansion of the FRM is derived in terms of spherical basis vectors in frame K. The sum on s in Eq. ͑3͒ for this case contains only one operator M jm mЈ composed of spherical basis vectors ͓see Eq. ͑17͔͒.
In Sec. III we derive a differential representation for FRM's as the result of the action of a tensor product of ٌ r operators on spherical harmonics depending on angles of an auxiliary vector r. The differential form of the FRM is very compact and it is useful for illustrating some general properties of the finite rotation matrix. In particular, the identities in Eqs. ͑24͒ and ͑25͒ demonstrate the high symmetry of R m Ј m j with respect to the indicies m and mЈ in spite of the fact that these indices have a different meaning in our considerations: the first of them has a tensorial sense in the KЈ frame and the second one in the K frame. Using the differential form of the FRM, in Sec. IV we find both a representation of R m Ј m j in terms of Cartesian basis vectors ͓see Eq. ͑36͔͒ and two additional differential forms for the FRM containing ٌ r operators and the scalar products of either Cartesian ͓see Eq. ͑33͔͒ or spherical ͓see Eq. ͑39͔͒ basis vectors with an auxiliary vector r.
The expressions for FRM's presented in Secs. II and IV contain rather complicated combinations of basis vectors. Therefore in Sec. V we present the results in an alternative, compact form by representing the operators M jm s in Eq. ͑3͒ as the special tensor products of two spherical harmonics ͑the so-called ''minimal'' bipolar harmonics Y jm s (a,b) with sϭ0, . . . , j ͓3͔͒ depending on any pair of vectors a, b, con-nected with the frame K. We consider both the case in which a, b are the Cartesian basis vectors ͓see Eqs. ͑41͒ and ͑42͔͒ and also the most general case in which a, b are any pair of noncollinear vectors with an angle between them ͓see Eqs. ͑47͒ and ͑48͔͒. Note that in the last case the coefficients c s in Eq. ͑3͒ are dependent. For mЈϭ0 the superposition of ''minimal'' bipolar harmonics in Eq. ͑3͒ reduces immediately to Eq. ͑2͒. Thus, it seems that the term ''generalized bipolar harmonics'' for the FRM in invariant form is more appropriate than is the term ''generalized spherical harmonics'' for the Wigner D functions.
In Sec. VI we illustrate the application of the invariant forms of the FRM's to a number of physical problems. As a particularly simple application, based on the differential form of the FRM, we first derive an invariant form ͓see Eq. ͑52͔͒ for the photon polarization tensor of second rank in terms of the photon wave vector k and the unit vector ⑀ directed along the major axis of the photon's polarization ellipse. Also very important for applications is a modified transformation rule ͓see Eq. ͑53͔͒ for irreducible tensor sets, which follows from Eq. ͑1͒ after substitution of the expansion in Eq. Other applications we discuss are the following: In Sec. VI A we demonstrate a reduction technique for tripolar harmonics depending on three vectors n i , iϭ1,2,3. Such objects appear in kinematic analysis of reactions with 3 or more particles ͓e.g., (e,2e) or (␥,ne) processes͔. As an example, we present in Eq. ͑57͒ an expression for tripolar harmonics of second rank in terms of tensors of rank 2 composed of 2 or 3 vectors n i . In Sec. VI B we derive a convenient, invariant parametrization for polarization state multipoles of a polarized target in terms of the Cartesian basis vectors a, b, c of a coordinate frame K connected with a concrete process of preparing the polarized target. These results are used in Sec. VI C for the analysis of electric dipole photon emission by an arbitrary polarized atom with detection of photon polarization. We present the angular distribution of the polarized photons for this fundamental optical process in the simplest invariant form ͓see Eq. ͑68͔͒, containing only the scalar products of basis vectors a, b, c, the wave vector k, the photon polarization vectors e, e*, and 8 initial parameters describing the target polarization. These four examples presented in Sec. VI demonstrate the efficiency of using invariant FRM's to analyze complex physical problems.
II. INVARIANT REPRESENTATION OF THE FRM IN TERMS OF SPHERICAL BASIS VECTORS
Consider first as an example the simplest case of a FRM R mm Ј j (⍀) with jϭ1, which describes the transformation of vector operators under rotations. It is well known that an arbitrary vector x may be expanded in a spherical basis as follows:
where x ϭ(x-e ) are the spherical components of x and as the spherical unit vectors we can use three arbitrary vectors e satisfying the orthogonality condition (e •e ) ϭ(Ϫ1) ␦ ,Ϫ , where ,ϭ0,Ϯ1, and where ␦ ,Ϫ is the Kronecker delta. Equation ͑6͒ has an invariant form since it is valid in an arbitrary coordinate frame. Supposing e are the spherical basis vectors of the frame K and multiplying Eq. ͑6͒ by the spherical basis vectors, e Ј , of the frame KЈ,
we have
where x Ј and x are the components of x in the frames KЈ and K, respectively, and (e ) are the components of the basis vectors e of K with respect to the KЈ frame. Comparison of Eq. ͑7͒ with Eq. ͑1͒ yields
Here the index enumerates the basis vectors e, and is a tensor component index. This identity may be alternatively written as
where e x,y,z are Cartesian unit vectors of the frame K. Thus, the above expression for R 1 (⍀) has an invariant vector structure that is completely similar to the well-known Cartesian matrix, a ik , of transformation between K and KЈ in terms of direction cosines.
To derive an invariant expression for FRM with an arbitrary rank j we note that any tensor composed of vectors fixed in the frame K and equal to R m Ј m j (⍀) in some coordinate frame K will coincide with R m Ј m j (⍀) in any other frame. In particular, if some tensor
is valid also for an arbitrary orientation of the laboratory coordinate frame. This statement is based on rotation invariance arguments. Let a tensor
Acting on both sides of this equation by the finite rotation operator R (⍀) and taking into account that R (⍀) does not act on the T jm Ј since they are tensor components given in the space-fixed frame K, we obtain
Thus, the problem is to find an invariant definition for the tensor equal to R m Ј m
Firstly we mention that in accordance with Eq. ͑1͒ the FRM for the case of zero rotation ͑i.e., when KЈϭK͒ has the evident form
In order to define a tensor composed of basis vectors in a frame K and satisfying Eq. ͑11͒ we introduce the special notation ͑cf. Chap. 3 of Ref. ͓1͔͒ for a tensor product of j identical vectors a ͕a͖ jm ϭ͕¯ˆ¯͕a a͖ 2 ¯a‰ jϪ1 a͖ jm .
͑12͒
The standard definitions of angular momentum theory ͓1͔ are used throughout the text. It is known ͓3͔ that the tensor ͕a͖ jm is the same for an arbitrary coupling scheme on the righthand side of Eq. ͑12͒. Note that the spherical harmonic Y jm (r/r) can be represented also as the tensor product of j real vectors r/r ͓1͔:
͑13͒
In the coordinate frame with the Z axis directed along vector r this expression reduces to
Now we note that in the frame K the tensor product in Eq. ͑12͒ composed of spherical basis vectors has the form
where e Ϯ1 ϭϯ(1/&)(bϮic) are the spherical basis vectors; a,b,c are the Cartesian basis vectors directed along the axes Z,X,Y of the frame K, respectively. The identity ͑15͒ can be derived by straightforward calculations taking into account that C aabb aϩbaϩb ϭ1 and
for spherical components of vectors e Ϯ1 and e 0 ϵa. By direct calculations we can verify that the tensor R km j (⍀) defined by the equation
coincides with the FRM after an appropriate choice of a normalization factor A jk . Indeed, it can be clearly seen from Eqs. ͑12͒ and ͑15͒ that in the K frame R Ϯkm j (⍀ϭ0) has the form
͑18͒
Hence, R Ϯkm j (⍀) satisfies the condition ͑11͒ and therefore coincides with the FRM in accordance with the above arguments. Substituting the explicit form for the Clebsh-Gordan coefficient C kk jϪk0 jk in Eq. ͑18͒, we find for A jk the following expression:
is the simplest form of an invariant representation for the FRM, because the coefficients A jk do not depend on the tensor projection index m, unlike the case of the U(n,)-function representation of the FRM ͓2͔. Note that the index k in Eq. ͑17͒ is not a tensor index with respect to the laboratory frame KЈ. In this frame k just enumerates the basis tensors R Ϯkm j , in a way similar to that of the index in the case of the spherical basis vectors e for the K frame.
III. INVARIANT DIFFERENTIAL FORM OF FRM
Below we present an invariant form of the FRM that results from the action of a special differential operator on the standard spherical harmonic. Our treatment is based on the use of invariant rank-decreasing operators for spherical harmonics ͓3͔. For these operators the following identity is valid:
For the explicit form of Ô k lϪ (r,ٌ) see Eq. ͑A6͒ in Ref. ͓3͔. As we describe below, the use of this identity at lϭkϵ j (qϭ0) leads to an important formal relation:
where T j Ј is an arbitrary tensor of integer rank j and r is an arbitrary vector, and we consider this equation in a rotated frame KЈ. While it appears that T jm Ј on the left-hand side of Eq. ͑21͒ depends on r through the spherical harmonic Y jk (r/r), this dependence is removed by the gradient operators, which constitute Ô jm lϪ (r,ٌ) with jϭl as follows ͓3͔:
The identity in Eq. ͑21͒ may be verified by direct calculation as follows:
Here the first equality follows immediately from the definition of the scalar product for two tensors, T j Ј and Y j , the second one from the orthogonality properties of ClebshGordan coefficients, and the third one from Eq. ͑20͒.
Since a scalar product of tensors does not depend on the orientation of a coordinate frame, we can consider the scalar product on the right-hand side of Eq. ͑21͒ as defined in the space-fixed frame K ͑instead of the laboratory frame KЈ͒, and, hence, the replacement T j Ј→T j should be made on the right-hand side of Eq. ͑21͒. Of course, the spherical harmonic Y j (r/r) must also be replaced by its definition in the frame K. We thus arrive at the following identity:
͑23͒
Comparing this result with Eq. ͑1͒ and using Eq. ͑22͒, we derive the ''differential'' representation of R km j (⍀):
͑24͒
As may be seen from this identity, the FRM R km j (⍀) is a tensor in the frame KЈ with respect to the index m, and a complex-conjugated tensor in the frame K with respect to the index k. Moreover, taking into account the auxiliary relation ͓4͔,
we obtain another expression, similar to Eq. ͑24͒:
Here the spherical harmonic is defined in the laboratory frame KЈ, and the tensor product of gradient operators is defined in the space-fixed frame K. From Eqs. ͑24͒ and ͑25͒ it follows that, although indices k and m have a different meaning, there is an explicit symmetry between them. These equations are convenient also for explicit demonstration of fundamental properties of the FRM's, such as unitarity, group properties, etc. As an example, we derive here an expression for R m Ј m j (⍀), where ⍀ϭ⍀Ј•⍀Љ is the product of the rotations K→KЈ→KЉ described by the parameters ⍀Ј, ⍀Љ. Replacement of the spherical function Y jm Ј * (r/r) in Eq. ͑24͒, which is defined in the frame K, by
, where Y jm Љ is defined in the frame KЈ, leads to the relation:
Taking into account Eq. ͑24͒, we verify explicitly the wellknown group identity
IV. REPRESENTATION OF THE FRM IN TERMS OF CARTESIAN BASIS VECTORS
Below we demonstrate that the result of the action of gradient operators on the spherical harmonic Y jk * (r/r) in Eq.
͑24͒ can be calculated in terms of tensor constructions depending on the unit vectors a, b directed along the Z,X axes of the K frame, respectively. Thus we shall find the explicit form of the FRM in terms of the Cartesian basis vectors of the space-fixed frame K. Our considerations below depend upon two known facts concerning the spherical harmonics. ͑i͒ It is well known that the spherical harmonic Y jϪk (r/r)ϭ(Ϫ1) k Y jk * (r/r) can be written in the standard form ͓1͔
where is an angle between the vectors r and a, cos ϭ(r-a)/r, and is an angle between the X axis and the projection of the vector r on the X-Y plane of the system K,
The polynomial P j (k) (x)ϭd k P j (x)/dx k is the kth derivative of the Legendre polynomial P j (x).
͑ii͒ The following useful identity, cos kϭ k
͑27͒
follows immediately from the fact that cos kϭT k (cos ) is the Tchebyshev polynomial of the first kind. An identity similar to Eq. ͑27͒ for sin k can be derived by differentiation of Eq. ͑27͒ with respect to . Taking Eqs. ͑26͒ and ͑27͒ into account, one can rewrite r j Y jk (r/r) in terms of scalar products as
Note that the gradient operators in Eq. ͑24͒ do not act on the terms in Eq. ͑28͒ that which contain scalar products of r with itself owing to the following relation:
Thus, one should keep in Eq. ͑28͒ only the terms from the expansion of r jϪk P j (k) (a-r/r) into a power series in (a-r) that do not contain any powers of (r-r). This includes in particular the term ͓(r-r)Ϫ(a-r) 2 ͔ s . Thus the following substitutions should be made in Eq. ͑28͒:
and
As explained below, it is more convenient to consider two symmetrized combinations of R km j (⍀) ͓cf. Eq. ͑8͔͒:
Substitution of Eqs. ͑28͒, ͑30͒, and ͑31͒ into Eq. ͑24͒ yields for R km jϩ (⍀),
The right-hand side of this equation may be calculated explicitly, using the identity ٌ͕͖ jm ͑r-a͒ jϪkϩ2s ͑r-b͒ kϪ2s ϭ j!ˆ͕a͖ jϪkϩ2s ͕b͖ kϪ2s ‰ jm ,
͑34͒
which follows immediately from the Leibniz rule for differentiation of products and from the simple relations ٌ͑r-a͒ n ϭna͑r-a͒ nϪ1 , nϾ0, ͑35͒
ٌ͕ r͖ 2m ϭ0.
Thus, R km jϩ (⍀) can be presented in the following final form:
͑36͒
An analogous identity for R km jϪ (⍀) can be derived similarly:
͑37͒
For completeness, we obtain Eq. ͑17͒ of Sec. II using the differentiation method. Firstly, note that the term sin exp͑Ϫi) on the rhs of Eq. ͑26͒ can be rewritten as
where e Ϫ1 is the spherical unit vector in frame K. Secondly, replacing P j (k) (cos ) in Eq. ͑26͒ in accordance with Eq. ͑31͒, we obtain one more differential representation of the FRM in terms of spherical basis vectors
This equation demonstrates clearly the independence of the final results on an auxiliary vector r owing to the fact that r appears to the jth power. Calculating the action of the gradient operators in this equation, using Eqs. ͑34͒ and ͑35͒, we arrive immediately at Eq. ͑17͒ of Sec. II.
V. EXPANSION OF A FRM INTO A BASIS OF BIPOLAR HARMONICS
Some preliminary remarks concerning the bipolar harmonics ͑BH͒ are in order. These objects are defined by the following equation ͓1͔:
As was shown in ͓3͔, for the case when lϩlЈϾ j, the BH may be expanded into a superposition of ''minimal'' BH's Y jm k (n,nЈ), which are defined by
where kϭ0, . . . , j. The harmonics Y jm k have some important properties. Namely, the Clebsh-Gordan coefficient entering the tensor product in Eq. ͑40͒ can be written in explicit form as a product of factorials without any sums. Further, as was demonstrated in ͓3͔, the minimal BH's form a ''linearly independent'' set in the space of tensors with fixed rank j, i.e., there are no linear relations of the kind
where the C jk (cos ) are scalar coefficients depending on the scalar product (n-nЈ)ϭcos . This means that the minimal BH's Y jm k (n,nЈ) are the simplest irreducible tensors of fixed rank j, which can be constructed of two vectors n,nЈ. The number of linearly independent minimal BH's of rank j is evidently equal to ( jϩ1). It is important to note that the minimal BH's are polar tensors for each k, since under space inversion ͑i.e., when n,nЈ→Ϫn,ϪnЈ͒ they acquire the additional phase factor (Ϫ1) j , which is independent of k. Now an expansion of the FRM using a basis of minimal BH's can be obtained by substitution of Eq. ͑13͒ for the spherical harmonics into Eqs. ͑36͒ and ͑37͒: Generally, it is possible to derive an expansion of the FRM's in BH's depending on any pair of vectors fixed in the frame K. This result follows from the simple relation for a tensor product composed of two arbitrary vectors
where ( j n ) is the binomial coefficient and a 1 , a 2 are two arbitrary vectors. Equation ͑44͒ can be verified using Eq. ͑12͒ and the fact that a tensor product is a linear function of each tensor entering the product. Taking into account Eq. ͑13͒, Eq. ͑44͒ can be rewritten as
where v is the unit vector directed along the vector c 1 a 1 ϩc 2 a 2 . Thus, we have derived, by a most simple method, the so-called addition theorem for solid harmonics ͓1,5͔, which are the products r j Y jm (r/r). Below we present one of the most convenient invariant representations of the FRM's as a superposition of BH's depending on a pair of nonorthogonal unit vectors n,nЈ. Let the vector n be directed along the Z axis of the space-fixed frame K, and the vector nЈ lie in the same plane as the vector b. In other words, 
͑49͒
It is important to note that the Gegenbauer polynomials C kϪsϪ 1/2Ϫk () on the rhs of Eq. ͑49͒ do not depend on the rank j of the FRM's. We note also that half the coefficients B at ϭ/2 coincide with the coefficients A ͓cf. Eq. ͑43͔͒:
and the others are zero:
Thus, the representations in Eqs. ͑41͒ and ͑42͒ are seen to be special cases of the more general expansions in Eqs. ͑47͒ and ͑48͒. We note that Eqs. ͑47͒ and ͑48͒ show the function R km jϩ (⍀) to be a polar tensor and the function R km jϪ (⍀) to be an axial tensor ͓because the tensor product in Eq. ͑48͒ contains an axial vector ͓nϫnЈ͔͔. This latter result contrasts with Eq. ͑42͒ for R km jϪ (⍀). However, there is no contradiction with the tensor transformation rule in Eq. ͑1͒. Namely, the tensor components of one and the same tensor T j on the rhs of Eq. ͑1͒ may be either scalars or pseudoscalars depending on whether the unit vector c of the space-fixed frame K is either a polar or an axial vector.
We note finally that if we define the ''generalized'' spherical harmonic Ỹ jm (e) of complex unit vector e by the tensor product in Eq. ͑13͒ with r/r→e, then Eq. ͑17͒ can be rewritten ͓using Eqs. ͑19͒ and ͑40͔͒ as
When kϭ0 this equation reduces immediately to Eq. ͑2͒. Thus, the FRM's may be considered as the ''generalized'' minimal BH's of the spherical basis vectors of the old frame K.
VI. SOME APPLICATIONS
The different invariant representations of the FRM's we have presented ͓cf. Eqs. ͑17͒, ͑24͒, ͑25͒, ͑33͒, ͑36͒, ͑37͒, ͑39͒, ͑47͒, and ͑48͔͒ each have their uses in particular applications. Thus, although Eqs. ͑47͒ and ͑48͒ are very general, in some situations the use of the differential representations in Eqs. ͑24͒ and ͑25͒ of the FRM may prove simpler. For example, if an explicit expression for a scalar product of a tensor T jm and a spherical harmonic is known in terms of scalar products of vectors, then Eqs. ͑23͒ and ͑24͒ allow one to obtain an explicit form of T jm in terms of tensor products of vectors. Before describing the general procedure for using invariant FRM's in concrete applications, we give an example of the use of the simpler Eqs. ͑23͒ and ͑24͒.
Consider the photon polarization tensor T pm ϭ͕e e*͖ pm , where e is the unit ͑complex͒ photon polarization vector ͑see, e.g., ͓7͔͒. Invariant explicit forms of T pm are known only for pϭ0,1 and are given by
where is the degree circular polarization of the photon, ϭik •͓eϫe*͔, and k is the unit vector along the direction of the photon beam. The following explicit expressions for T 2m are used widely in applications:
where 1,3 are the standard Stokes parameters ͓8͔. These identities are valid, of course, only in a coordinate frame where the Z axis is directed along the vector k . To derive an invariant expression for T 2m we note that, in accordance with Eqs. ͑13͒, ͑22͒, and ͑23͒, tensor T 2m may be written in the following form:
Here the term ͉e-r͉ 2 may be calculated in explicit form using the auxiliary relation ͓3͔ 2 Re͑e-r͒͑e*•rЈ͒ϭ2l͑r-⑀͒͑⑀-rЈ͒
where ⑀ is the unit vector along the major axis of the photon polarization ellipse, and l is the degree of linear polarization, lϭe-eϭe*•e*. Using this identity and calculating the action of the gradient operators in Eq. ͑50͒ we arrive at an invariant expression for T 2m :
͑52͒
which is valid in any coordinate frame. Equation ͑52͒ is valid also for a partially polarized photon beam with the degree of partial polarization Pϭ1Ϫl 2 Ϫ 2 . So the results presented are equivalent to the photon density matrix approach, but they have an explicit invariant form and therefore can be more convenient for analyzing photon polarization effects in the angular distributions.
The regular method for application of the invariant representations for the FRM's to concrete problems is as follows: Insert Eqs. ͑47͒ and ͑48͒ into Eq. ͑1͒ to obtain a ''modified'' transformation rule for the irreducible tensorial sets:
where the scalar coefficients T j,s () , ϭ0,1 are defined by
where B 00 (0) ()ϭ4/(ͱ2 jϩ1), the other B m,n () coefficients are defined by the general Eq. ͑49͒, and the T jk are the components of the tensor T j in an appropriate coordinate frame K most suitable for a concrete problem. All applications of invariant representations of FRM's are based on use of Eq. ͑53͒, as illustrated in some examples below.
A. Simplification of tripolar and multipolar harmonics with small external ranks
We use here Eqs. ͑53͒ and ͑54͒ to calculate tripolar harmonics, which appear, e.g., in the analysis of angular distributions for (e,2e) processes with emission or absorption of a photon, for Compton scattering by bound electrons, etc. The tripolar harmonic is the tensor product of three spherical harmonics ͓1͔.
Y jm l 1 ,͑l 2 l 3 ͒l ͑n 1 ,n 2 ,n 3 ͒ϭˆY l 1 ͑n 1 ͒ ͕Y l 2 ͑n 2 ͒ Y l 3 ͑n 3 ͖͒ l ‰ jm .
͑55͒
In the coordinate frame with the Z axis along n 1 and the Y axis along ͓n 1 ϫn 2 ͔ we have
where 2,3 are the angles between the vector n 1 and the vectors n 2,3 , respectively, and 3 is the angle between two planes defined by vectors n 1 ,n 2 and n 1 ,n 3 . The use of Eqs. ͑53͒ and ͑54͒ leads to the representation of the tripolar harmonic in Eq. ͑55͒ in an arbitrary coordinate frame in terms of the simpler objects in Eq. ͑56͒ and tensors of rank j composed from a minimal number of vectors n 1 , n 2 , n 3 . For simplicity, we present below the results for the most important case in applications, tripolar harmonics of rank 2: Y 2m l 1 ,͑l 2 l 3 ͒l ͑ n 1 ,n 2 ,n 3 ͒ϭa 1 ͕n 1 n 1 ͖ 2m ϩa 2 ͕n 2 n 2 ͖ 2m 
This relation implies the following changes in the ranks and arguments of the spherical harmonics in Eq. ͑58͒: l 2 , 2 l 3 , 3 , 0→ 2 , and 3 →0, where 2 is the angle between the planes n 1 ,n 3 and n 1 ,n 2 . Finally, we note that the results in Eqs. ͑57͒ and ͑58͒ can be generalized easily for the case of an arbitrary N-polar harmonic of rank 2 depending on N vectors n i . For this purpose the parameter p should be changed to p ϭ ͚ n l n , where the l n are the ranks of the spherical harmonics which enter the multipolar harmonic, and instead of Y 2k one should substitute the components of the multipolar harmonic in an appropriate fixed coordinate frame. For the case NϾ3 any three vectors from the set n i with iϭ1, . . . ,N can be used as the vectors n 1,2,3 in Eq. ͑57͒; the coefficients a i and b j in Eq. ͑57͒ will then depend on the relative angles of all vectors in the problem. Thus the tensor structure given in Eq. ͑57͒ is independent of the number N.
B. Invariant form of polarization momenta
Equations ͑41͒ and ͑42͒ for the FRM and the transformation rule in Eq. ͑53͒ may be useful even for those cases in which an invariant expression for some tensor is unknown. As an example we consider here the irreducible components, P rm , of the density matrix for some mixed state of a quantum system ͓6,7͔, whose matrix elements are defined by the equation
where is a density matrix operator. We suppose, for simplicity, that the states with the momenta JЈ J do not contribute in the statistical mixture. For this case we have P rm * ϭ͑Ϫ1͒ m P rϪm , and the following important relation is valid:
where ͕͗J͖ rm ͘ denotes an averaged value of the tensor product of angular momentum operators J ͓7͔. The convenience of the tensors P rm consists in the fact that one is able in many cases to take into account an explicit symmetry of the problem ͑e.g., for spherically symmetric states only P 00 is nonzero, etc.͒. The tensors P rm , also called ''polarization momenta'' ͓8͔, are connected with the standard polarization state multipoles rm , namely, P rm ϭ rm * .
Since the polarization multipoles are tensors, the transformation rule in Eq. ͑53͒ is applicable. Below we present explicit expressions for polarization multipoles with ranks rϭ0,1,2. The use of Eqs. ͑41͒ and ͑42͒ in Eq. ͑53͒ for P rm yields 
͑63͒
where a,b,c are the Cartesian unit vectors along the Z, X, Y axes of the frame K, which may be connected, evidently, with symmetry properties of an excitation process used for the preparation of the target polarization. The parameters P rm are also combinations of polarization tensor components P rm in the frame K. For brevity, we omit the component index m in the tensor notation P rm . The (2rϩ1) different angular combinations in Eqs. ͑62͒ and ͑63͒ are equal in number to the number of independent parameters P rm . These parameters have the form P 10 ϭ P 10 , P 11 ϭϪ& Re P 11 , P 11 Ј ϭϪ& Im P 11 , P 20 ϭͱ 3 2 P 20 ϩRe P 22 , P 21 ϭϪ2 Re P 21 , P 22 ϭ2 Re P 22 ,
͑64͒
In accordance with Eq. ͑60͒, Eq. ͑64͒ may be rewritten as
where the constants c 1,2 are
It is seen from these identities that the parameters P 10 , P 11 , P 11 Ј are proportional to the projections of the ''mean angular momentum'' ͗J͘ on the Cartesian basis vectors of the abovediscussed coordinate frame K. There furthermore exists an explicit connection between the parameters P rm and the symmetry properties of a polarized state. For example, if a polarized state has an axial symmetry, then, directing the vector a ͑or b͒ along the symmetry axis, we obtain the result that only tensors containing coefficients P r0 ͑or P rr ͒ contribute to P rm . For the case of right-left symmetric polarized states ͑i.e., with respect to the exchange c Ϫc͒, all the tensors with coefficients PЈ vanish.
C. Emission of photons by polarized atoms
As an application of Eqs. ͑61͒-͑63͒ to solving concrete problems we consider the emission of photons by polarized atoms. Using the electric-dipole approximation in length gauge, an angular distribution dw k e /d⍀ of the photons emitted by a polarized atom in the direction k can be written as ͓8͔
͑68͒
This expression has a high symmetry and an invariant structure because it contains only the scalar products of vectors. The 8 parameters P describe the polarization properties of an initial atomic state with an arbitrary total angular momentum J. The identity ͑51͒ is sufficient for detailed analysis of photon polarization effects in terms of linear and circular polarization degrees. Note that the vector of ''atomic orientation'' P 1 in Eq. ͑68͒ describes circular dichroism effects in the angular distribution, i.e., the difference between the intensities of emitted radiation with opposite helicities detected in the same direction k . All particular experimental situations connected with atomic polarization also can be easily analyzed using Eqs. ͑68͒ and ͑65͒. For example, if an atomic ensemble has been excited due to the absorption of polarized photons, then it is convenient to choose the directions of the vectors a and b along respectively the main axis of the polarization ellipse for the incident photons and along the direction of the incident photon beam. For linearly polarized incident photons, the terms in Eq. ͑68͒ containing the vectors b, c must be omitted, unlike the case of pure circularly polarized photons, when the terms with a, c vanish. We do not analyze here other general features of the angular distribution dw k e /d⍀ since they are evident from Eq. ͑68͒ and have been discussed previously ͓7,9͔.
VII. CONCLUDING REMARKS
The invariant representations for the FRM ͓Eqs. ͑47͒ and ͑48͔͒ together with the new transformation rule for the irreducible tensorial sets ͓Eq. ͑53͔͒ are the key results of the present work. Our other results and the applications we have presented have been summarized in Sec. I. Here we discuss the problem of the choice of the rotation parameters corresponding to our invariant expressions for the FRM. Unlike the case of the usual D or U functions, for which the rotation is described by three real parameters ͑e.g., the Euler angles or the polar angles of vector n and the rotation angle ͒, we describe the rotation by the directions of two unit vectors n,nЈ. The bipolar harmonics in Eqs. ͑47͒ and ͑48͒ are dependent on the spherical angles of the vectors n,nЈ given in the laboratory frame KЈ. In the space-fixed frame K these vectors have the form nϭ(0,0), nЈϭ(,0) , where is the angle between n,nЈ. ͓We use the notation aϭ( a , a ) for the angular coordinates of a unit vector a, where a is the angle between a and the Z axis, and where a is the angle between the projection of a on the plane X-Y and the X axis of the coordinate frame.͔ The polar angles of vectors n,nЈ in the frame KЈ can be connected with the standard Euler rotation angles ␣,␤,␥ as follows: n ϭ␤, n ϭϪ␥, ͑69͒
cos n Ј ϭcos cos ␤ϩsin sin ␤ cos ␣, cot͑ n Ј ϩ␥ ͒ϭϪcot ␣ cos ␤ϩ cot sin ␤ sin ␣ .
As we see from these equalities, only three parameters out of five ͑four spherical anglesϩone ''free parameter'' ͒ are independent. The use of invariant representations of the FRM can be efficient not only in problems involving multipole expansions, where they enable one to extract the polarization and spin dependence of the cross sections in an invariant vector form, but also in cases when standard techniques of angular momentum and tensor algebra ͑e.g., the Wigner-Eckart theorem͒ are not applicable. For example, such a situation appears in the recent Ref. ͓10͔, in which the orientation effects in an electron-impact ionization of polarized atoms has been investigated using the so-called 3C wave function, which has an asymptotic form that coincides with that of the exact three-body Coulomb wave function. In this work tensors ⌺ KQ describing the dynamics of the process have been calculated numerically in a special coordinate frame. The results in this paper allow one to write ⌺ KQ immediately in the following form:
which is valid even for the case of a nondiagonal density matrix for an initial atomic state. In Eq. ͑70͒ the C KN are scalar coefficients, dependent on both the dynamics of the process and on the angles between the vectors of the problem. The vectors n 1,2 can be chosen as the unit noncollinear vectors along the directions of electron momenta.
An analogous situation appears also in Ref. ͓11͔ , where the angular distributions in triple-electron photoionization have been investigated using a 6C wave function, which is a generalization of the 3C wave function used for double photoionization. In this case the results of Sec. V allow one to write the cross section in an invariant form, similar to Eq. 
